Binary Numbers

Binary numbers are similar to the decimal numbers we use every day.  All of the same rules and ideas apply, but decimal numbers use ten different symbols and binary numbers only two.  
With the decimal number system, we have ten symbols for digits: 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9.  In the binary number system, we have only two symbols: 0 and 1.  Thus, 10110 or 1101101 are examples of binary numbers, whereas a number like 20726 could not be because it uses "illegal" symbols – the symbols 2, 6 and 7 are not allowable.  
Like decimal numbers, binary numbers use a positional notation.  You learned about positional notation in grade school.  Each digit in a number is in a different position -- ones position, the tens position, the hundreds position, etc.  So the decimal number 20726 can be thought of as the addition of:
   6 X 1     =     6
   2 X 10    =    20

   7 X 100   =   700

   0 X 1000  =     0

   2 X 10000 = 20000
               20726
Note that, in the decimal system, the positions go up as powers of ten (1, 10, 100, 1000) etc.  The value of each position is 10 times that of the one to its right.
Binary numbers also use the idea of position, but the positions go up as powers of 2, not powers of 10.  So, in binary, we have the 1, 2, 4, 8, 16, etc. positions.  The value of each position is 2 times the one to its right.
Let’s look at a binary example.  How about the binary number 101101? Adding the places together in the same way as we did with the decimal number above, we get:
   1 X 1  =  1
   0 X 2  =  0

   1 X 4  =  4

   1 X 8  =  8

   0 X 16 =  0

   1 X 32 = 32
             45

In other words, the binary number 101101 is the same as the decimal 45.  Both designate the same quantity.  For example, if I counted the number of students in a class and found 45 I could write that as 4510 or 1011012.  Both mean the same thing.
At this point you might be wondering what all the fuss is about. You already know how to write 45, so why invent a second way? Besides, isn’t 101101 more cumbersome than 45?  Yes, it is -- binary numbers (above one) are always longer than their decimal equivalents.  
However, binary numbers have two advantages to offset this inefficiency.  The first is that it is relatively cheap to build circuits to store and transmit binary numbers.  People have designed computers that used trinary (three symbol) or even decimal numbers, but it turns out to be simpler and cheaper to make binary devices.

The second advantage is that arithmetic is easier with binary numbers than decimal numbers.  How much is 7 X 9?  It's 63, right? You know that because as a child you memorized the multiplication tables.  You probably spent the better part of the third grade memorizing the 10 by 10 cell multiplication table. Then, in the fourth grade, you learned the procedure for multiplying longer numbers, as in this example:
    123
     42

   246

   492

   5166
But, how about binary numbers?  If we restrict ourselves to the binary two symbol) system, the multiplication table is merely:
Look how simple multiplication is when using binary numbers.  For a start, the multiplication table is very small:
	
	0
	1

	0
	0
	0

	1
	0
	1


The addition table is just as small:
	
	0
	1

	0
	0
	1

	1
	1
	10


(Note that 1+1 is not 2; it is 0 with a carry to the next place.  This is the same thing that happens when you add 9+1 in decimal and get 0 with a carry).

If you had gone to grade school in a place where they used binary numbers, you could have learned the addition and multiplication tables in about 30 minutes and devoted the rest of the third grade to playing kickball.  It turns out that the long multiplication procedure you learned (multiply, shift, add) works with binary numbers as well as it did with decimal numbers. For instance, we can multiply 10001 by 101 as follows:

     10001

       101

     10001

    00000

   10001
   1010101

You can check this result by converting the numbers to decimal -- 17 X 5 = 85. 
The procedures you learned for addition, subtraction, long division, carrying, borrowing, etc. in the fourth grade, work for binary numbers the same way as they do for decimal numbers. That makes binary arithmetic easy for people and computers.

We are used to decimal (10 symbol) numbers and IT systems use binary (2 symbol) numbers, but one can build a number system using any number of symbols.  For example, programmers often write numbers using the hexadecimal (16 symbol) system.  The 16 hexadecimal symbols are 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, A, B, C, D, E, and F.

Here is a table counting to 32 in decimal, binary and hexadecimal.  You  can see the pattern as the numbers grow, then require a carry to the left when the last symbol is used:  

	Decimal
	Binary
	Hexadecimal

	0
	0
	0

	1
	1
	1

	2
	10
	2

	3
	11
	3

	4
	100
	4

	5
	101
	5

	6
	110
	6

	7
	111
	7

	8
	1000
	8

	9
	1001
	9

	10
	1010
	A

	11
	1011
	B

	12
	1100
	C

	13
	1101
	D

	14
	1110
	E

	15
	1111
	F

	16
	10000
	10

	17
	10001
	11

	18
	10010
	12

	19
	10011
	13

	20
	10100
	14

	21
	10101
	15

	22
	10110
	16

	23
	10111
	17

	24
	11000
	18

	25
	11001
	19

	26
	11010
	1A

	27
	11011
	1B

	28
	11100
	1C

	29
	11101
	1D

	30
	11110
	1E

	31
	11111
	1F

	…
	…
	…

	256
	100000000
	100


As you see, the binary numbers are getting long faster than the others since there are only two symbols.  Hexadecimal numbers will grow the slowest.
Finally, note that the symbols we use have evolved over time.  Here, for example, are some Indian numerals from 100AD (http://en.wikipedia.org/wiki/Arabic_numeralsqa1):
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